where B 1 (z) is the first Bernoulli function (see Theorem A below). They were originally introduced in connection with the modular properties of the Dedekind η-function, and Dedekind proved the reciprocity law
s(k, h) + s(h, k) = 1 12
(see [18] ). These sums were later generalized by various people ( were considered and the corresponding reciprocity laws were proved, where a is a positive integer, r 1 , . . . , r n are non-negative integers, and λ 1 , . . . , λ n are real numbers (see [8, 9, 11] ). In this paper we focus on the sums considered by Apostol. Apostol's reciprocity law is the following:
Theorem A (Apostol [1] ). B n (x) = B n ({x}) if n > 1,
Here B n ( * ) is the nth Bernoulli polynomial , and {x} denotes the fractional part of a real number x, i.e., 0 ≤ {x} < 1. Then the following identity holds for n odd :
Bk)
n+1 n(n + 1)kh + B n+1 (n + 1)kh , where
We show how to prove Theorem A by using values at non-positive integers of Barnes's double zeta function ζ 2 (s; (k, h)). Although there are simpler proofs of Theorem A without using a zeta function, this is a new proof which makes it possible to obtain new kinds of Dedekind sums and explicit reciprocity laws for them in a unified way. The function ζ 2 (s; (k, h)) is defined by ζ 2 (s; (k, h)) = ∞ m,n=0 (m,n) =(0,0) 1 (km + hn) s for Re(s) > 2, and is analytically continued to the whole complex plane with some poles. The proof goes as follows: From contour integral representation we know that
where δ = 1 when n = 1 and δ = 0 otherwise, 2 S n (0; (k, h)) is the first derivative of the double nth Bernoulli polynomial introduced by Barnes, and
(see Section 2) . On the other hand, by computing ζ 2 (1 − n; (k, h)) in a suitable way, we obtain terms involving s n (h, k) and s n (k, h). Therefore we have two expressions of ζ 2 (1 − n; (k, h)), and by equating the two, Apostol's reciprocity law is obtained.
Following this idea, we consider three kinds of generalizations of Apostol's sums. The first generalization is obtained by using Barnes's double zeta function ζ 2 (s; α, (k, h)) with parameters α and (k, h), which is defined by
for a complex number α with positive real part, and from the value ζ 2 (1 − n; α, (k, h)) we obtain the law for sums
for real α with 0 < α < h+k. As we mentioned above, these sums have been considered in far more general settings (cf. (1.1)), and the corresponding reciprocity laws were obtained. The second generalization involves Dirichlet characters. Dedekind sums with characters have been considered for n = 1 by Berndt, and he proved reciprocity laws by using either Eisenstein series with characters (cf. [4, 5] ), integrals such as contour integrals and RiemannStieltjes integrals, or the Poisson summation formula (cf. [6] ). Here we consider different kinds of sums. For a Dirichlet character χ mod kh, we define
Then from ζ 2 (1 − n; (k, h), χ) we obtain the law for sums
(see Theorem 3.6). In particular, when n = 1 and χ = χ 1 χ 2 with χ 1 (resp. χ 2 ) a character mod k (resp. mod h), ζ 2 (0; (k, h), χ) is expressed in terms of B 1,χ i or B 2,χ i , so the law has a simple form (see Corollary 3.7). As an application, we obtain the formulae for class numbers for imaginary quadratic number fields (cf. [17] 
and the value at a non-positive integer 1 − n is given by the derivative of the (r + 1)-ple Bernoulli polynomial r+1 S n (0; (k, h, z 1 , . . . , z r−1 )) introduced by Barnes (see [2, 3] or (2.7)). The law is for (S r ) n (h, k; (z 1 , . . . , z r−1 )) and (S r ) n (k, h; (z 1 , . . . , z r−1 )), which we call r-ple Dedekind sums, defined by We note that Egami has proved the reciprocity law for (1.1) by using multiple zeta functions associated to a cone (see [9] ). We also note that by considering the first derivative of ζ 2 (s; (k, h)) with respect to s, we can define "derivatives" of Dedekind sums and prove the reciprocity law for them (see [16] ).
In Section 2 we review Barnes's multiple zeta functions and derivatives of multiple Bernoulli polynomials. In Section 3 we first prove Apostol's reciprocity law by using ζ 2 (1 − n; (k, h)). Then the laws for shifted sums s n (α; (k, h)) and for sums with a character s n (χ; (k, h)) are proved. In the last section we prove the reciprocity law for our r-ple Dedekind sums.
Review of Barnes's multiple zeta functions and multiple
Bernoulli polynomials. In this section we give a brief summary for Barnes's multiple zeta functions and multiple Bernoulli polynomials only needed in subsequent sections. For more details, see [2, 3] .
Definition 2.1. The Bernoulli numbers B n and the Bernoulli polynomials B n (u) are defined by
Also for a Dirichlet character χ of conductor f , we define B n,χ by
Let r be a positive integer.
. . , ω r be complex numbers such that ω i = 0 for each i, and set ω = (ω 1 , . . . , ω r ). The r-ple nth Bernoulli polynomial of α with parameters ω 1 , . . . , ω r is a polynomial r S n (α; ω) which vanishes when α = 0 and whose first derivative r S n (α; ω) appears as the coefficient of t n in the expression
This expression is valid for t with |t|
(α; ω), the (k + 1)th derivative of r S 1 (α; ω) with respect to α.
This is easily seen by the definition of 1 S n .
(2) For a complex number λ = 0,
. This is clear from the generating function.
(3) We have the following expression for r S n (α; ω):
where in the multinomial expansion of (
This is shown by the following identities using (2.1):
Although r S n (α; ω) is called the r-ple Bernoulli polynomial, it is its first derivative r S n (α; ω) which gives the value of the r-ple zeta function. 
Here u s = exp(s log u) and log u = log |u|+i arg u with −π < arg u < π for any complex number u not on the non-positive real axis. We note that when r = 1,
where ζ(s, α/ω 1 ) is the Hurwitz zeta function.
Analytic continuation and special values are given by the contour integral representation of ζ r (s; α, ω) as in the following theorem (cf. [2, 3] ).
Theorem 2.5. ζ r is expressed as a contour integral :
is the path from +∞ to λ along the real axis, going along the circle around 0 of radius λ counterclockwise to λ, and then going back to +∞. This expression gives us the analytic continuation of ζ r to the whole complex plane, and also for a positive integer n we have
When r = 1, this is well known as the value of the Hurwitz zeta function:
Definition 2.6. Let ω = (ω 1 , . . . , ω r ) be as in Definition 2.4. We define Barnes's r-ple zeta function ζ r (s; ω) with parameters ω by
This series is a replacement of ζ r for α = 0, and when r = 1,
where ζ(s) is the Riemann zeta function. The function ζ r (s; ω) is also continued analytically to the whole complex plane, and
where δ = 1 for n = 1 and δ = 0 otherwise. This can be shown for example by induction using the identity
We note that
In subsequent sections we need to treat ζ(s) and ζ(s, α), and also ζ r and ζ r , simultaneously, so we use the following notation:
3. Reciprocity laws for simple Dedekind sums. In this section we prove the reciprocity law for Apostol sums (Theorem A in Section 1) and for shifted Dedekind sums by using the double zeta function. Then from the double zeta function with a Dirichlet character, we define Dedekind sums with a character and prove the corresponding reciprocity law. Throughout this section and the next, k and h are relatively prime positive integers.
First we show that Theorem A is equivalent to the following Theorem 3.1 when n is odd. 
where δ = 1 when n = 1 and δ = 0 otherwise.
Proof of the equivalence when n is odd. It suffices to show that for n odd
The identity
When n is odd with n ≥ 3,
for n odd with n ≥ 1. Then from (2.4) and (2.7), we obtain (3.1).
Now we give a proof of Theorem 3.1. 
Proof of Theorem 3.1. Firstly we deform ζ 2 (s; (k, h)). We have
where ζ * (s, α) is the function defined in (2.9). Put s = 1 − n into the equation, and use (2.6) and (2.8). Then
In order to compute sums on the right hand side of (3.2), we need the following lemma.
Lemma 3.2. (1) The Bernoulli polynomials B n (x) satisfy the difference equation
(2) For real x and a positive integer N , we have
In particular ,
where η = 1/2 when n = 1 and η = 0 otherwise.
(3) Let χ be a Dirichlet character of conductor f . Then for any multiple
Proof. (1) and (3) can be easily shown from the generating functions. As for (2), since both sides have period 1/N , it suffices to prove it for 0 ≤ x < 1/N . But then it is well known (cf. [15] ). Now we go back to the identity (3.2). For the values of a and b in our sums of (3.2) we have
Also we note that
Let S denote the set
Then sums in (3.2) can be simplified by using Lemma 3.2(1), (2) . For example we obtain the following identity:
where µ = −1/2 when n = 1 and µ = 0 otherwise. This µ comes from
This completes the proof of Theorem 3.1.
Next we consider shifted Dedekind sums.
Definition 3.3. Let α be a real number. We define shifted Dedekind sums s n (α; (h, k)) by
These sums have been considered in far more general settings, and the relevant reciprocity laws were obtained (see Section 1).
Theorem 3.4. Let α be a real number such that 0 < α < h + k. Then for any positive integer n, 1
Proof. First we note that by (2.5),
Similarly to the proof of Thorem 3.1, we derive
Now put s = 1 − n into the equation. By (2.6),
For the values of c, d and α in the above sums we have
and we may have (hc + kd + α)/(hk) = 1 for some c, d. Let S denote the set
We note that α hk
Next we consider Dedekind sums with a character.
Definition 3.5. Let χ be a Dirichlet character defined mod l with l | hk. The double zeta function ζ 2 (s; (k, h), χ) with parameters (k, h) and χ is defined by
From the following identities, ζ 2 (s; (k, h), χ) can be analytically continued to the whole complex plane:
Also the Dedekind sum s n (χ; (h, k)) with a character χ is defined by
We note that for the principal character χ 0 ,
The following reciprocity law holds:
Theorem 3.6. For any positive integer n and χ = χ 0 ,
Proof. We put s = 1 − n in (3.4) and use (2.5). Then since χ(0) = 0, we have
On the other hand, by setting m + n = N in (3.4) we have
Put s = 1 − n into the previous equality. Then
where S is the set in (3.3). From Lemma 3.2(3) we have
So we obtain
which together with (3.5) completes the proof.
As a special case, take χ = χ 1 χ 2 , where χ 1 and χ 2 are characters defined mod k and h, respectively. We define
Then if we put u = χ 1 (h)χ 2 (k), we have
When n = 1, Theorem 3.6 is simplified as follows: From (3.5),
where ϕ k is the trivial character mod k and ϕ is the Euler ϕ function.
Since we have B 1,χ 1 = 0 when
Therefore we have the following corollary.
Corollary 3.7. Let χ 1 and χ 2 be characters defined mod k and h, respectively. Then
where u = χ 1 (h)χ 2 (k) and Λ is defined in (3.6).
Reciprocity law of r-ple Dedekind sums.
In this section we define our r-ple Dedekind sums and prove the reciprocity law for them. As we mentioned in Section 1, Halbritter has already defined sums of type (1.1) as multiple Dedekind sums in [11] .
Definition 4.1. Let z 1 , . . . , z r−1 be non-zero complex numbers, and set z = (z 1 , . . . , z r−1 ). For a positive integer n, the r-ple Dedekind sum (S r ) n (k, h; z) with parameters k, h and z is defined by
The main theorem which gives the reciprocity law of our r-ple Dedekind sums is the following: (0; (k, h, z 1 , . . . , z r−1 ) ) (1; (1, 1, z 1 , . . . , z r−1 )) + r S n (0; (1, z 1 , . . . , z r−1 )).
Proof. First we prove the following lemma. ({N x}; (1, N ω 1 , . . . , N ω r−1 )). Proof. (4.5) can be shown from the generating function. As for (4.6), since both sides have period 1/N , it suffices to prove it for 0 ≤ x < 1/N . But then it is just (4.5). 
